We study tensor products of a C0(X)-algebra A and a C0(Y )-algebra B, and analyse the structure of their minimal tensor product A ⊗α B as a C0(X × Y )-algebra. We show that when A and B define continuous C * -bundles, that continuity of the bundle arising from the C0(X × Y )-algebra A ⊗α B is a strictly weaker property than continuity of the 'fibrewise tensor products' studied by Kirchberg and Wassermann. For a fixed quasi-standard C * -algebra A, we show that A ⊗α B is quasi-standard for all quasi-standard B precisely when A is exact, and exhibit some related equivalences.
Introduction
Bundles or fields of C * -algebras have long been an important aspect of the topological decomposition theory of C * -algebras. For instance the Gelfand-Naimark theorem may be seen as representing an arbitrary commutative C * -algebra as the section algebra of a bundle over its character space, with onedimensional fibres. In the general (non-commutative) case, many analogous constructions have been studied. Often these constructions give rise to bundles of a very general type, and the structure of such bundles is in general difficult to determine. There are however many classes of C * -algebras for which a well-behaved bundle representation may be obtained. In this work we are concerned with the stability of such classes of C * -bundles under the operation of taking tensor products, in particular with respect to the minimal (or spatial) tensor norm.
A particular case of interest in the theory of C * -bundles is that where the base space coincides with the topological space of Glimm (or Minimal Primal) ideals of the bundle algebra. This approach has its origins in [16] , where it was shown that a C * -algebra with Hausdorff primitive ideal space admits a representation as a continuous C * -bundle (or a maximal full algebra of operator fields, using Fell's terminology) over this space. The work of Dauns and Hofmann in [14] gave a bundle representation theory that was valid for an arbitrary C * -algebra, at the possible expense of continuity of the norm function of a section.
The work of Archbold and Somerset [5] identified a class of C * -algebras with well-behaved DaunsHofmann representation, the so-called quasi-standard C * -algebras. This class represents a significant weakening of the condition that the C * -algebra has Hausdorff primitive spectrum, while preserving many of the nice properties associated with this stronger condition. Indeed, all von Neumann algebras are quasi-standard [18] , as are the 'local multiplier algebras' studied extensively by Ara and Mathieu [2, §2.5] and many group C * -algebras [20] . Tensor products of continuous bundles of C * -algebras are known to exhibit pathological behaviour. The earliest examples of this were given by Kirchberg and Wassermann in [23] , who showed that continuity of a C * -bundle was in general not preserved by tensoring fibrewise with a fixed C * -algebra B. Moreover, it was shown that such an operation preserves continuity for all C * -bundles precisely when B is exact. Archbold later obtained a localisation of this result in [4] , where continuity at a point was characterised in terms of a weaker exactness-type condition. Similar questions have been studied extensively by Blanchard and coauthors in [8] , [7] , [10] , [9] and [12] .
Fac(A)) will denote the space of kernels of irreducible (respectively factorial) representations of A, and will be considered as a topological space with its usual hull-kernel topology. Unless otherwise specified, an ideal of a C * -algebra will mean a proper, closed two-sided ideal. We will denote by Z(A) the centre of A and by M (A) the multiplier algebra of A.
Definition 2.1. A C
* -bundle is a triple A = (X, A, π x : A → A x ) where X is a locally compact Hausdorff space, A a C * -algebra, and π x : A → A x surjective * -homomorphisms for all x ∈ X satisfying (i) the family {π x : x ∈ X} is faithful, i.e., x∈X ker(π x ) = {0}, and
(ii) for each f ∈ C 0 (X) and a ∈ A there is an element f · a ∈ A with the property that π x (f · a) = f (x)π x (a) for all x ∈ X.
If in addition the functions N (a) : X → R + , x → π x (a) where a ∈ A, belong to C 0 (X) for all a ∈ A then we say that A is a continuous C * -bundle over X. If for all a ∈ A the functions N (a) are uppersemicontinuous (resp. lower-semicontinuous) on X, and if for each ε > 0 the set {x ∈ X : N (a) ≥ ε} has compact closure in X, then we say that A is an upper-semicontinuous C * -bundle (resp. lowersemicontinuous C * -bundle).
Remark 2.2. There are several distinct (but often equivalent) definitions of C * -bundles throughout the literature. Our definition of a continuous C * -bundle was first used by Kirchberg and Wassermann in [23] , and later by Archbold [4] and Blanchard and Wassermann [12] . This is in turn equivalent to the definition of a 'maximal algebra of operator fields' in the sense of Fell [16] , also used in [15] , [1] , [25] and [5] .
While C * -bundles with semicontinuous norm functions are discussed in [23] and [4] , no precise definition of a semicontinuous C * -bundle is given there. In the upper-semicontinuous case, our definition is easily seen to be equivalent to that of Rieffel [29] , also considered in [27] and [33] . Definition 2.3. Let A be a C * -algebra and X a locally compact Hausdorff space. We say that A is a C 0 (X)-algebra if there is a * -homomorphism µ A : C 0 (X) → ZM (A) with the property that µ A (C 0 (X))A = A.
It follows from the Dauns-Hofmann Theorem [14] which we will discuss below (Theorem 2.5), that there is a * -isomorphism θ A : C b (Prim(A)) → ZM (A) with the property that θ A (f )a + P = f (P )(a + P ), for a ∈ A, f ∈ C b (Prim(A)), P ∈ Prim(A).
This gives an equivalent definition of a C 0 (X)-algebra: a C * -algebra A is a C 0 (X)-algebra if and only if there exists a continuous map φ A : Prim(A) → X. The maps µ A and φ A are related via
For clarity we will denote any C 0 (X)-algebra A by the triple (A, X, φ A ) or (A, X, µ A ). For x ∈ X we define the ideal I x via
The relationship between C 0 (X)-algebras and C * -bundles is well known, see [27] or [33, Appendix C] for example. We give details in the following proposition, which will be used frequently in what follows. Proposition 2.4. Let A be a C * -algebra and X a locally compact Hausdorff space. As a consequence of Proposition 2.4, we will regard C 0 (X)-algebras and upper-semicontinuous C * -bundles as being (essentially) equivalent. Moreover, we may unambiguously speak of a C 0 (X)-algebra (A, X, µ A ) being continuous if the corresponding C * -bundle (X, A, π x : A → A x ) is continuous. If A is a C * -algebra such that Prim(A) is Hausdorff, then it is clear that the triple (A, Prim(A), θ A ), where θ A is the Dauns-Hofmann * -isomorphism (1), is a continuous C 0 (Prim(A))-algebra. Moreover, the fibre algebras of the corresponding C * -bundle are necessarily simple in this case. This construction was first studied by Fell [16] . However, the class of C * -algebras A with Prim(A) Hausdorff is somewhat narrow. The Dauns-Hofmann Theorem [14] shows that any C * -algebra A admits a representation as an upper-semicontinuous C * -bundle over its space of Glimm ideals (or a closely related space), which we define below.
For a C * -algebra A, define an equivalence relation ≈ on Prim(A) as follows: for P, Q ∈ Prim(A), P ≈ Q if and only if f (P ) = f (Q) for all f ∈ C b (Prim(A)). As a set, we define Glimm(A) as the quotient space Prim(A)/ ≈, and we denote by ρ A : Prim(A) → Glimm(A) the quotient map.
For
, which is well defined by definition of ≈. We equip Glimm(A) with the topology τ cr induced by the functions {f ρ : f ∈ C b (Prim(A))}, so that (Glimm(A), τ cr ) is a completely regular Hausdorff space, and [17, Theorem 3.9] or [5, p. 351] . Note that the map ρ A : Prim(A) → Glimm(A) is continuous.
To each ≈-equivalence class p = [P ] ∈ Glimm(A) we assign a closed two-sided ideal G p = {P ′ :
= p}, the Glimm ideal of A corresponding to p. We wish to represent A as a C * -bundle over Glimm(A), or a C 0 (Glimm(A))-algebra. In general however, it may happen that Glimm(A) is not locally compact. Being a completely regular Hausdorff space, Glimm(A) has a homeomorphic embedding into its Stone-Čech compactification βGlimm(A). 
is not locally compact, Y = βGlimm(A), and
• for p ∈ Glimm(A), A p = A/G p and π p = q p : A → A/G p the quotient * -homorphism, and
If Prim(A) is Hausdorff, then being locally compact, it is necessarily completely regular. Thus Prim(A) = Glimm(A), both as sets of ideals and topologically. In this case the Dauns-Hofmann bundle associated with A is precisely the continuous C Definition 2.6. An ideal I of a C * -algebra A is said to be primal if given n ≥ 2 and ideals J 1 , . . . , J n of A such that J 1 J 2 . . . J n = {0}, then there is an index 1 ≤ i ≤ n with J i ⊆ I. A C * -algebra A is called quasi-standard if (i) the Dauns-Hofmann representation of A is a continuous C * -bundle over Glimm(A), and
(ii) For each p ∈ Glimm(A), the Glimm ideal G p is a primal ideal of A.
For a C * -algebra A we will denote by Min-Primal(A) its set of minimal (w.r.t. inclusion) primal ideals. The canonical topology τ on Min-Primal(A) is the weakest topology such that the norm functions I → a + I on Min-Primal(A) are continuous for all a ∈ A. If A is a C * -algebra for which every G ∈ Glimm(A) is a primal ideal of A, then necessarily we have Glimm(A) = Min-Primal(A) as sets. From [5, Theorem 3.3 ], a C * -algebra A is quasi-standard if and only if (Glimm(A), τ cr ) = (Min-Primal(A), τ ) (i.e., as sets of ideals and topologically).
There are other equivalent definitions of quasi-standard C * -algebras, see [5, §3 and §4] for example. Since primitive ideals are primal, the class of quasi-standard C * -algebras properly contains the class of C * -algebras A with Prim(A) Hausdorff. In fact, for separable A, quasi-standardness of A is equivalent to the condition that A is a continuous C 0 (X)-algebra such that there exists a dense subset D of X with I x primitive for all x ∈ D.
The Glimm space of a C * -algebra appears as an intermediate step in any representation of a C * -algebra as a C 0 (X)-algebra, due to a certain universal property of the complete regularisation of a topological space. If X is a completely regular space and φ : Prim(A) → X a continuous map, then φ induces a continuous map ψ : Glimm(A) → X with φ = ψ • ρ A , i.e.,
commutes. Conversely, starting with a continuous map ψ : Glimm(A) → X, we may set φ = ψ • ρ A , so that φ : Prim(A) → X is continuous.
If in addition X is locally compact, then A is a C 0 (X) algebra if and only if there is a continuous map ψ A : Glimm(A) → X. This fact is useful when working with tensor products of C * -algebras, since by [26] we may always construct Glimm(A ⊗ α B) in terms of Glimm(A) and Glimm(B). The same is not true in general for the spaces Prim(−) and Fac(−).
In the remainder of this section we give some technical results on the structure of C 0 (X)-algebras and Glimm spaces of C * -algebras which we will make reference to in subsequent sections.
Lemma 2.7. Let A be a C 0 (X)-algebra with base map φ A : Prim(A) → X, and denote by ψ A : Glimm(A) → X the induced continuous map with the property that
Proof. Denote by
A ({x}) ⊆ Glimm(A), so that for P ∈ Prim(A), we have φ A (P ) = x if and only if ρ A (P ) ∈ F . Thus
As was the case in [19] and [26] , we will make use of the fact that the space Glimm(A) may equivalently be constructed (both as a set of ideals and topologically) as complete regularisation of Fac(A) [19] . This is useful when working with tensor products, since there is a continuous retraction of the canonical (homeomorphic) embedding of Fac(A) × Fac(B) into Fac(A ⊗ α B). For I, J ∈ Fac(A) we will write I ≈ f J to denote the equivalence relation f (I) = f (J) for all f ∈ C b (Fac(A)), and denote by ρ Take I ∈ Fac(A) and P ∈ hull(I), so that P ∈ cl{I}. Then since φ (ii) For x ∈ Imφ A , we have
Then for all P ∈ hull(I), φ A (P ) = x, hence P ⊇ I x for all such P . Hence I x ⊆ k (hull(I)) = I for all I ∈ Fac(A) with φ f A (I) = x, so that
as required.
(iii) It follows from (ii) that if φ f A (I) = x then I ⊇ I x . Now suppose that I ⊇ I x and take P ∈ hull(I). Then P ⊇ I x and so φ A (P ) = x by [6, p. 74] . It then follows from Lemma 2.8 that
The following lemma identifies when a subalgebra of a C 0 (X)-algebra can be identified with a subbundle of the associated upper-semicontinuous C * -bundle.
Lemma 2.10. Let (B, X, µ B ) be a C 0 (X)-algebra, and ι : A → B a * -monomorphism with the property that µ B (f )ι(a) ∈ ι(A) for all a ∈ A and f ∈ C 0 (X). Then (i) There is a * -homomorphism µ A : C 0 (X) → ZM (A) with the property that
Hence (A, X, µ A ) is a C 0 (X)-algebra, and ι is a C 0 (X)-module map,
Moreover, for f ∈ C 0 (X) and a ∈ A, we have
In particular, for all a ∈ A we have
To see that (2) holds, note that for f ∈ C 0 (X) and a ∈ A, we have
Thus (A, X, µ A ) has the required properties.
(ii) The inclusion ι(I x ) ⊆ J x ∩ ι(A) follows from (2). Now let a ∈ J x ∩ ι(A) and ε > 0. By uppersemicontinuity there is a neighbourhood U of x in X, with compact closure U , such that ι(a) + J y < ε for all y ∈ U . Choose a continuous f :
Now we have
since σ is injective on ι(A). Moreover,
Combining these facts, we see that
Since ε > 0 was arbitrary and I x closed, a ∈ I x . (iii) By [15, Corollary 1.8.4] and by part (ii) we may identify
Hence for a ∈ A and x ∈ X, a + I x = ι(a) + J x . Since norm functions of elements of B are continuous on X, the same is true for A.
Tensor Products of C * -bundles
For a C * -algebra A we let Id ′ (A) be the set of proper closed two-sided ideals of A. For two C * -algebras A and B let A ⊗ α B be their minimal tensor product. Define maps Φ, ∆ : Id
where q I : A → A/I and q J : B → B/J are the quotient * -homomorphisms. We remark that by injectivity of the minimal tensor product, ∆(I, J) is precisely the closure in A ⊗ α B of the kernel of the algebraic * -homomorphism 
where J is an ideal of B, ι the inclusion of J into B, and q the quotient * -homomorphism, is called a short exact sequence of C * -algebras. We say that a C * -algebra A is exact if the sequence
is exact for every short exact sequence of the form (5).
A C * -algebra A is exact if and only if A ⊗ α B has property (F) for all C * -algebras B. Clearly if A is such that A ⊗ α B satisfies (F) for all B, then for any short exact sequence of the form (5), exactness of (6) follows from the fact that ∆({0}, J) = Φ({0}, J). The converse is shown in [11, Proposition 2.17 ]. We will make use of this equivalence repeatedly in the sequel.
The following theorem lists some of the known properties of tensor products of C * -bundles, and their relation to the maps Φ and ∆. 
If in addition A and B are continuous, then
, and
is continuous for all c ∈ A ⊗ α B at (x 0 , y 0 ) if and only if
We now introduce an alternative approach to defining a C * -bundle structure on the tensor product of two (upper-semicontinuous) C * -bundles, based on the ideal structure of A ⊗ α B rather than the fibrewise tensor product. This construction was considered previously in [9] , in the case where the base spaces are compact, however, we will need additional information on the interplay between the base and structure maps involved. 
The structure maps µ A :
are then uniquely determined by φ A , φ B and φ α . We will show in Proposition 3.4 that in fact µ α may be identified with the map µ A ⊗ µ B :
For x ∈ X, y ∈ Y define the ideals
By [1] , there is a canonical injective * -homomorphism ι :
, and by [26, Lemma 3.1] this map satisfies
. We will suppress mention of ι and simply consider
Then with the above notation: 
Proof. (i) is shown in the remarks preceding the proposition.
(
. Thus by linearity and continuity, it suffices to show that for all f ⊗ g ∈ C 0 (X) ⊗ C 0 (Y ) and a ⊗ b ∈ A ⊗ α B we have
Take (P, Q) ∈ Prim(A) × Prim(B), then the Dauns-Hofmann * -isomorphism θ α of (1) gives
and since A ⊗ α B/Φ(P, Q) ≡ (A/P ) ⊗ α (B/Q), the last line becomes
On the other hand, applying the isomorphisms θ A and θ B of (1) associated with A and B respectively we get
Thus for all (P, Q) ∈ Prim(A) × Prim(B) we have
and since {Φ(P, Q) :
(iv) By [26, Propositions 2.1 and
Definition 3.5. For a C 0 (X)-algebra (X, A, µ A ) and a C 0 (Y )-algebra (B, Y, µ B ) we will denote by (A ⊗ α B, X × Y, µ A ⊗ µ B ) the C 0 (X × Y )-algebra defined by Proposition 3.4, and we will consider this construction as the natural (minimal) tensor product in the category of C 0 (−)-algebras,
The tensor product construction of definition 3.5 does not agree in general with the fibrewise tensor product bundle studied by Kirchberg and Wassermann in [23] . This fact may be deduced from [ We now introduce some properties which characterise when these two notions of the tensor product of a pair of C * -bundles coincide. For C * -algebras A and B we define the properties (F Gl ) and (F MP ) on A ⊗ α B as follows:
holds. For convenience, we will refer to (F X,Y ) as a property of A ⊗ α B, rather than ( To see that (F MP ) and (F Gl ) do not imply (F), let A = B = B(H), where H is a separable infinite dimensional Hilbert space. Then Glimm(B(H)) = Min-Primal(B(H)) = {0}, so that as before, B(H)⊗ α B(H) satisfies (F MP ) and (F Gl ), but does not satisfy (F) by [32] . Other examples are discussed in [4, p. 140-141] .
The following Theorem relates the
, its corresponding upper-semicontinuous C * -bundle, and the fibrewise tensor product of the bundles associated with A and B.
Theorem 3.6. Let (A, X, µ A ) be a C 0 (X)-algebra and (B, Y, µ B ) a C 0 (Y )-algebra, and denote by A = (X, A, π x : A → A x ) and B = (Y, B, σ y : B → B y ) the associated upper-semicontinuous C * -bundles over X and Y respectively. Then
where 
One interesting consequence of this fact is that continuity of the associated fibrewise tensor product is a strictly stronger property than continuity of (A ⊗ α B, X × Y, µ A ⊗ µ B ).
(ii) A special case of Proposition 3.4 arises as follows; let A be a C 0 (X)-algebra and B any C * -algebra. Then we may regard B as a C(Y )-algebra where Y = {y} is a one-point space, so that X × Y = X and A ⊗ α B is also a C 0 (X)-algebra. The base map φ α : Prim(A ⊗ α B) → X is the extension of
, where p 1 is the projection onto the first factor. The corresponding structure map is given by µ A ⊗ 1 :
Thus by Corollary 3.6(i) we get an upper-semicontinuous
for all x ∈ X. The analogous construction in the fibrewise tensor product case is as follows: for a C * -bundle A = (X, A, π x : A → A x ) and a C * -algebra B, we define the C * -bundle A ⊗ α B = (X, A ⊗ α B, π x ⊗ id : A ⊗ α B → A x ⊗ α B). The two bundles agree precisely when Φ(I x , {0}) = ∆(I x , {0}) for all x ∈ X, by Corollary 3.6(ii). We will make use of this special case as an intermediate step in the construction of the tensor product of two C * -bundles in subsequent sections.
Comparison with the fibrewise tensor product
In this section we show that the assumption of property (F X,Y ) in Theorem 3.6(iii) is not necessary in general. More precisely, we show that for any inexact C * -algebra B, there is a continuous C 0 (X)-algebra (A, X, µ A ) such that (i) the fibrewise tensor product A ⊗ α B, where A is the continuous C * -bundle associated with (A, X, µ A ), is discontinuous, while (ii) the C 0 (X)-algebra (A ⊗ α B, X, µ A ⊗ 1) is continuous.
This shows that the analogue of Archbold's result [4, Theorem 3.3] for the bundles constructed in section 3 is untrue. In particular, we deduce that for continuous C 0 (X)-algebras (A, X, µ A ) and (B, Y, µ B ), the assumption that the C 0 (X × Y )-algebra (A ⊗ α B, X × Y, µ A ⊗ µ B ) is equal to the fibrewise tensor product (i.e. A ⊗ α B satisfies property (F X,Y )), is not a necessary condition for continuity. 
Proof. 
By (i) M
and the conclusion follows.
Lemma 4.2. Let X be an extremally disconnected compact Hausdorff space. Then any C(X)-algebra (A, X, µ A ) is continuous.
Proof. For each x ∈ X we have
by [8, Lemme 1.10]. Moreover, it is easily seen that for a given f ∈ C(X) and a ∈ A, the norm function
)a is continuous on X. Since X is extremally disconnected and compact, C(X) is monotone complete, and so the above infinum belongs to C(X). 
If in addition B is a prime C * -algebra (e.g. if B primitive), then M ⊗ α B is quasi-standard.
Then M is a von Neumann algebra, hence it is quasi-standard by [3, Section 5]. Moreover, Z(M ) consists of the sequences (λ n 1 n ) ∞ n=1 ∈ M , where λ n ∈ C and 1 n is the n × n identity matrix. It follows that Glimm(M ) = Prim(Z(M )) is canonically homeomorphic to βN.
Since B is inexact, the sequence
is inexact by [22] . We claim that there is some q ∈ βN for which
and by Lemma 4.1
Thus if I q ⊗ α B = ker(π q ⊗ id B ) for all q ∈ βN\N, the above intersections would agree, which would imply that ( †) were exact, which is not the case.
On the other hand, by Proposition 4.3, the C(
Under the additional assumption that the zero ideal of B is prime, then necessarily we have Glimm(B) = {0} by [ While Theorem 4.4 shows that continuity of a C 0 (X×Y )-algebra of the form (A⊗ α B, X×Y, µ A ⊗µ B ) is a strictly weaker property than continuity of the corresponding fibrewise tensor product, a discontinuous example was already exhibited by Blanchard in [9] . The construction of this counterexample depends heavily on the specific properties of the algebras involved. Our main result of this section, Theorem 5.6, shows that this pathology is in some sense universal; more precisely, we show that (A, X, µ A ) is exact if and only if the
The following two lemmas are known, we include a proof for completness. Take z = n i=1 x i ⊗ y i ∈ (A/I) ⊙ (B/J) and choose a 1 , . . . , a n ∈ A and b 1 , . . . , b n ∈ B such that
Clearly γ is a seminorm, and since z * z = (π I ⊙ π J )(c * c), we have
(by the C * -condition on the quotient norm), so γ is a C * -seminorm. Finally, if γ(z) = 0 then c ∈ ∆(I, J) ∩ A ⊙ B = ker(π I ⊙ π J ), so that z = 0 in (A/I) ⊙ (B/J). It follows that γ is a well-defined C * -norm on (A/I) ⊙ (B/J). It follows that π I ⊙ π J : A ⊙ α B → (A/I) ⊙ γ (B/J) is a bounded, surjective * -homomorphism of normed * -algebras, and hence extends to a * -homomorphism π I ⊗ γ π J : A ⊗ α B → (A/I) ⊗ γ (B/J). Since the range of π I ⊗ γ π J is closed and contains the dense set (A/I) ⊙ (B/J), it is surjective. We claim that ker(π I ⊗ γ π J ) = ∆(I, J).
Since ker(π I ⊗ γ π J ) is closed and contains I ⊙ B + A ⊙ J, it must also contain ∆(I, J). To show the reverse inclusion, let d ∈ ker(π I ⊗ γ π J ) and ε > 0. Then there is c ∈ A ⊙ B with c
Since ε was arbitrary, d ∈ ∆(I, J). We have shown that ker(π I ⊗ γ π J ) = ∆(I, J), and hence we can conclude that (A ⊗ It is clear that ker(π x ) ⊇ I x , hence we have π x (a) ≤ a + I x for all x ∈ U and so the supremum on the left is always greater than or equal to that on the right. Let x 1 ∈ U and choose f ∈ C 0 (X), 0 ≤ f ≤ 1, with f (x 1 ) = 1 and f (X\U ) ≡ 0, then a + I x1 = f · a + I x1 . Moreover,
It follows that sup
and so sup
Suppose for a contradiction that
Then since x → a + I x is upper semicontinuous on X, we could find an open neighborhood U of x 0 such that
But this would then imply that
contradicting the fact that these suprema must be equal for all open neighbourhoods U of x 0 .
Proposition 5.4. Let B be an inexact C * -algebra. Then there is a separable unital C(N)-algebra
Proof. Since B is inexact, by [23, Proposition 4.2] there is a separable, unital continuous C * -bundle C = (C,N, σ n : C → C n ) with the property that the minimal fibrewise tensor product
Since C is continuous, for each n ∈N we have I n = ker σ n . By [4, Theorem 3.3], we have I ∞ ⊗ α B ker(σ ∞ ⊗ id), while I n ⊗ α B = ker(σ n ⊗ id) for all n ∈ N. It follows in particular that (
There is thus y =
by the definitions of · γ and σ ∞ ⊗ id. Now let D = C(N) ⊗ α C ∞ be the trivial (hence continuous) bundle onN with fibre C ∞ , and denote by ε n the evaluation maps, where n ∈N. Let A be the pullback C * -algebra in the diagram
Then we have a well-defined * -homomorphism
For n ∈ N we may extend (keeping the same notation) σ n and ε n to A by setting
A defines a continuous C * -bundle (A,N, π n : A → A n ) as follows: for n ∈ N set A 2n−1 = C n and π 2n−1 = σ n , A 2n = C ∞ and π 2n = ε n , and π ∞ : A → A ∞ = C ∞ as above. Continuity of A follows easily from that of C and D: for c ⊕ d ∈ A we have σ n (c) and
Regarding A as a C(N)-algebra, let µ A : C(N) → Z(A) be the structure map; where f ∈ C(N) acts by pointwise multiplication. Now A ⊗ B is a C(N)-algebra with structure map µ A ⊗ 1 :
. For each n ∈N we let K n be the ideal
of A ⊗ α B, so that n → x + K n is upper-semicontinuous onN. Again it follows from [4, Theorem 3.3] that for n ∈ N we have K n = ker(π n ⊗ id), and by Proposition 3.4(v) we have
On the other hand the (lower-semicontinuous) C
if n even It then follows that
Finally, note that by Lemma 5.3 we have
Since we know that σ ∞ ⊗ id)(y) = y α < y γ , the second equality becomes
In particular, we conclude that
Thus for all even n (since K n = ker(π n ⊗ id) for n ∈ N by continuity at these points)
and it follows that n → x + K n is discontinuous at ∞. Now,Ã ⊗ α B is a C(N)-algebra with base map µÃ ⊗ 1. To show that ι ⊗ id is a C(N)-module map, take a ⊗ b ∈ A ⊗ α B and f ∈ C(N). Then we have
In particular it follows from Lemma 2.10(iii) that (Ã ⊗ α B,N, µÃ ⊗ 1) is discontinuous, since it contains the discontinuous C(N)-algebra (A ⊗ α B,N, µ A ⊗ 1) as a C(N)-submodule. Denote by φÃ : Prim(A) →N the base map uniquely determined by µÃ, and bỹ
for each n ∈N. Then since each fibreÃ/Ĩ n is simple, it follows thatĨ n is maximal (and in particular primitive) for all n ∈N. Moreover, since every P ∈ Prim(Ã) contains a uniqueĨ n for some n ∈N, we see thatĨ n → n is a bijection. The fact that this map is a homeomorphism then follows from Lee's theorem [25, Theorem 4] . 
(iv) for every separable, unital continuous
is continuous.
Proof. The equivalence of (i), (ii) and ( 6 Quasi-standard C * -algebras and Hausdorff primitive ideal spaces
This section is concerned with stability of the class of quasi-standard C * -algebras under tensor products. This question was first studied by Archbold in [4] , where is was shown that if A and B are quasi-standard and A ⊗ α B satisfies property (F Gl ), then A ⊗ α B is quasi-standard. We gave a partial converse to this result in [26, Theorem 5.2] . However, it is clear from Theorem 4.4 that property (F Gl ) is not a necessary condition for A ⊗ α B to be quasi-standard.
We will show in Theorem 6.6 that a quasi-standard C * -algebra A is exact if and only if A ⊗ α B is quasi-standard for all quasi-standard B. As a related result, we show that a (not necessarily quasistandard) C * -algebra A is exact if and only if A ⊗ α B satisfies property (F Gl ) for all C * -algebras B, if and only A ⊗ α B satisfies property (F MP ) for all C * -algebras B. The existence of C * -algebras A and B such that A ⊗ α B does not satisfy properties (F Gl ) and (F MP ) was previously unknown, thus our result answers a question posed by Archbold [4, p. 142] and Lazar [24, p. 250 ].
Proposition 6.1. Let A and B be C * -algebras.
Proof. (i):
We first show that for any C * -algebra A and G 1 ∈ Glimm(A),
Indeed, since each primitive ideal of A is primal, we necessarily have
Denote by H the ideal on the right, then if the above inclusion were strict, there would be some Q ∈ Prim(A) such that Q ⊇ G 1 but Q ⊇ H. Let R be a minimal primal ideal of A contained in Q, then by [5, Lemma 2.2] there is a unique Glimm ideal G 2 contained in R. Note G 1 = G 2 since otherwise R, and hence Q, would contain H. This in turn implies that Q ⊇ G 1 , a contradiction. Since (ii): We will use the notation of Proposition 3.4. Note that for all (x, y) ∈ X × Y , we have K x,y = ∆(I x , J y ) by Proposition 3.4(iv), so we will show that K x,y = Φ(I x , J y ). Let ψ A , ψ B and ψ α denote the continuous maps on the Glimm spaces of A, B and A ⊗ α B induced by the base maps φ A , φ B and φ α respectively. We first show that ψ α • ∆ = ψ A × ψ B . Indeed, for all (P, Q) ∈ Prim(A) × Prim(B) we have
by Proposition 3.4 (i) . Hence by the definitions of ψ A , ψ B and ψ α ,
Following the first paragraph of the proof of [26, Theorem 4.8] , we see that
for all (P, Q) ∈ Prim(A) × Prim(B). By Lemma 2.7, 
where the final equality follows from Lemma 2.7. Hence A ⊗ α B satisfies property (F X,Y ).
Proposition 6.2. Let B be an inexact C * -algebra. Then there is a separable C * -algebra A with Prim(A) Hausdorff such that [34, lemme 16] , it then follows that the latter must also be non-Hausdorff.
Suppose now that Prim(B) is Hausdorff, then Prim(B) = Glimm(B). Since Prim(A) = Glimm(A) also, (i) implies that there are (P, Q) ∈ Prim(A) × Prim(B) such that ∆(P, Q) Φ(P, Q). It follows that there is R ∈ Prim(A ⊗ α B) such that R ⊇ ∆(P, Q) but R = Φ(P, Q). (A ⊗ α B) , where p 1 is the projection onto the first factor. We will denote by ψ A : Glimm(A) →N the canonical homeomorphism, and by ψ α : Glimm(A ⊗ α B) →N the map induced by φ α given by the universal property of the complete regularisation, so that φ α = ψ α • ρ α .
Since Prim(A) is compact, the complete regularisation of Prim(A) × Prim(B) is canonically identified with Glimm(A) × Glimm(B) with the product topology [26 Proof. (i)⇒(ii) and (iii): if B is exact then A ⊗ α B satisfies property (F) for all A, hence A ⊗ α B satisfies properties (F Gl ) and (F MP ) for all C * -algebras A. To see that (ii) (resp. (iii)) implies (i), note that if B is inexact then there is by Proposition 6.2(i) (resp. (ii)) a C * -algebra A for which A ⊗ α B does not satisfy property (F Gl ) (resp. (F MP )).
It was shown in [4] that if A⊗ α B satisfies property (F MP ), then ∆ (equivalently, Φ) maps Min-Primal(A)× Min-Primal(B) homeomorphically onto Min-Primal(A ⊗ α B). The following corollary shows that if B is inexact and quasi-standard then this map may fail to be a homeomorphism.
Corollary 6.4. Let B be an inexact, quasi-standard C * -algebra. Then there is a quasi-standard C * -algebra A for which the restriction of ∆ to Min-Primal(A) × Min-Primal(B) is not a homeomorphism of this space onto Min-Primal(A ⊗ α B).
Proof. Again, let A be the C * -algebra constructed in Corollary 5.5, so that A ⊗ α B is not quasi-standard by Proposition 6.2(iv). Since both A and B are quasi-standard, we have Glimm(A) = Min-Primal(A) and Glimm(B) = Min-Primal(B), both as sets and topologically [5, Proof. (i) is shown in [19, p. 304] , and (ii) follows from (i) and [8, Proposition 3.15] . Since A and B are unital, Glimm(A) × Glimm(B) is compact, and so (iii) is then immediate from the Dauns-Hofmann Theorem (Theorem 2.5).
Theorem 6.9. Let B be a unital quasi-standard C * -algebra. Then B is nuclear if and only if A ⊗ max B is quasi-standard for every quasi-standard C * -algebra A.
Proof. If B is nuclear, then B is exact, so that for any C * -algebra A we have that A ⊗ max B = A ⊗ α B has property (F). Thus for all quasi-standard A, A ⊗ max B is quasi-standard by [19, Corollary 2.5] .
Conversely, suppose that B is non-nuclear. For each q ∈ Glimm(B) let G q be the corresponding Glimm ideal of B and denote by (Glimm(B) , B, σ q : B → B q ) the corresponding continuous C * -bundle over Glimm(B) , where B q = B/G q for all q ∈ Glimm(B). By [8, Proposition 3.23] , there is p ∈ Glimm(A) for which B p is non-nuclear. As in the proof of [23, Theorem 3.2] , one can construct a Hilbert space H, a unital C * -subalgebra C ⊆ B(H) and t = ℓ i=1 r i ⊗ s i ∈ C ⊙ B p such that t C⊗maxBp > t B(H)⊗maxBp . Denote by A the C * -algebra of sequences (T n ) ⊂ B(H) such that T n converges in norm to some element T ∈ C. Then, as in the proof of [5, Proposition 3.6] , A is quasi-standard, Glimm(A) is homeomorphic toN, and the Glimm quotients A n of A are given by
We denote by (N, A, π n : A → A n ) the corresponding continuous C * -bundle overN. By Proposition 6.8 we may identify Glimm(A⊗ max B) =N×Glimm(B), and the Glimm quotients of A⊗ max B are isomorphic to A n ⊗ max B p for (n, p) ∈N × Glimm(B).
For 1 ≤ i ≤ ℓ choose r i ∈ A and s i ∈ B such that π n (r i ) = r i for all n ∈N, and σ p (s i ) = s i . Then setting t = ℓ i=1 r i ⊗ s i ∈ A ⊙ B, we have π ∞ ⊗ σ G (t) = t. Then we have (π n ⊗ max σ p )(t) = t B(H)⊗maxB for n ∈ N, while (π ∞ ⊗ max σ p )(t) = t C⊗maxB . Since (n, p) → (∞, p) inN× Glimm(B), it follows that (n, q) → (π n ⊗ max σ q )(t) is discontinuous at (∞, p). In particular, A⊗ max B is not quasistandard.
